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Wikipedia

“Statistics is a branch of mathematics working with 
data collection, organization, analysis, 

interpretation and presentation.” 
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statistical population or statistical model

sampling

design of surveys and experiments

data analysis: descriptive and inferential statistics

all log-concave distributions

maximum likelihood estimation

R is the standard software for statistical computing



Log-concave density 
estimation

• Given data: points                                   with weights                                       
w                      where     


• Maximize the log-likelihood of the given sample           
over all integrable functions                        such that          
i          is concave  and 

X = {x1, …, xn} ∈ ℝd

w = (w1, …, wn) w1, …, wn ≥ 0,∑ wi = 1

(X, w)
p : ℝd → ℝ≥0

log(p) ∫ℝd

p(x)dx = 1.



Log-concave density 
estimation

max
n

∑
i=1

wi log(p(xi))

p

max
y∈ℝn

n

∑
i=1

wiyi

∫ exp(hX,y(t))dt = 1s.t                is density

and              is log-concavep s.t.

Two equivalent optimization problems:



Optimal solution
Tent function
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LogConcDEAD

• first need to install the package

• input point configuration and weights

• mlelcd computes the maximum likelihood estimator

Madeleine Cule, Robert Gramacy, Richard Samworth, Yining Chen

install.packages("LogConcDEAD") 
library(LogConcDEAD)

x <- matrix(c(0,0,100,0,0,100,22,37,43,22,36,41), ncol = 2, byrow = TRUE) 
w <- 1/12 * c(2,2,2,1,4,1)

lcd <- mlelcd(x,w)
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LogConcDEAD
• output gives heights of the MLE at sample points (log 

scale)

• additional information available about the output, for 
example lcd$triang, lcd$b, lcd$beta
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LogConcDEAD
• plot.LogConcDEAD



LogConcDEAD
• plot.LogConcDEAD

• use help(“plot.LogConcDEAD”) to see all plotting options

• reference manuals and vignettes available for R packages
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LogConcDEAD
• LogConcDEAD solves the optimization problem 

    where P is the convex hull of X and h is the tent function

argminy∈ℝnσ(y) = −
n

∑
i=1

wiyi + ∫P
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LogConcDEAD
• LogConcDEAD solves the optimization problem 

    where P is the convex hull of X and h is the tent function

•        is convex but not differentiable

• subgradient methods for convex non-differentiable 
optimization problems

• LogConcDEAD implements r-algorithm by Shor for the 
particular problem in log-concave density estimation

argminy∈ℝnσ(y) = −
n

∑
i=1

wiyi + ∫P
ehy(x)dx

σ(y)



LogConcDEAD
• The algorithm produces a sequence        satisfying


    as            .


• At each iteration, the algorithm requires the evaluation of      
and the subgradient            which determines the direction of 
the move to the next term        in the sequence. 


• Their computation requires the evaluation of convex hulls 
and triangulations of certain finite sets of points (geometry 
package in R). 

(yt)

σ(yt) → min
y∈ℝn

σ(y)

t → ∞

σ(yt)
∂σ(yt)

yt+1



LogConcDEAD

• Works in any dimension


• In theory gives the correct solution 


• Works with triangulations


• Relatively slow


• In practice solution up to some precision



Problem 18
X = {(9,9), (3,3), (0,9), (0,1), (6,3), (1,4), (7,8), (2,4), (8,9), (7,6), (6,9), (9,5), (2,6), (5,5)}



logcondens
• Works only in one dimension


• Main function is logConDens


• Better results compared to LogConcDead


• Results for 50 points drawn from the normal distribution:


Kaspar Rufibach and Lutz Duembgen

logcondens

LogConcDEAD



FMLogConc

• Fast multivariate log-concave density estimation


• Faster than LogConcDEAD


• Main function is fmlcd


• No guarantee of returning the correct solution even 
theoretically

Fabian Rathke and Christoph Schnörr



FMLogConc

X = {(9,9), (3,3), (0,9), (0,1), (6,3), (1,4), (7,8), (2,4), (8,9), (7,6), (6,9), (9,5), (2,6), (5,5)}

Problem 18

LogConcDead FMLogConc
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FMLogConc
• Smooth approximation of the objective function

    where

argmin
n

∑
i=1

ϕγ(xi) + ∫P
exp(−ϕγ(x))dx

ϕγ(x) := γ log(
N

∑
i=1

exp(
hy,i(x)

γ
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ϕγ(x) := ∞ for x ∉ P
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    where

• Then 

argmin
n
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N
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• Smooth approximation of the objective function

    where

• Then 

• Solved using a quasi-Newton method
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FMLogConc
• Smooth approximation of the objective function

    where

• Then 

• Solved using a quasi-Newton method

• After each step of the algorithm some hyperplanes are removed

argmin
n

∑
i=1

ϕγ(xi) + ∫P
exp(−ϕγ(x))dx

ϕγ(x) := γ log(
N

∑
i=1

exp(
hy,i(x)

γ
)) for x ∈ P

ϕγ(x) := ∞ for x ∉ P

ϕγ(x) − γ log N ≤ max{hy,1(x), …, hy,N(x)} ≤ ϕγ(x) for x ∈ P



Theoretical CS
• Recently lots of interest in the complexity of log-concave density 

estimation


• Axelrod and Valiant “An Efficient Algorithm for High-Dimensional Log-
Concave Maximum Likelihood” 


• Algorithm with runtime poly(            ) to compute a log-concave 
distribution whose log-likelihood is at most     less than that of the MLE


• Diakonikolas, Sidiropoulos, and Stewart “Polynomial time algorithm for 
maximum likelihood estimation of multivariate log-concave densities”


• Algorithm with runtime poly(         ) that with high probability computes 
a log-concave distribution whose log-likelihood is at most     less than 
that of the MLE
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Thank you!


