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Algebraic Statistics Dictionary

H Probability /Statistics ‘ Algebra/Geometry H
Probability distribution Point
Statistical model (Semi) Algebraic set
Discrete exponential family Toric variety
Conditional interference Lattice points in polytopes
Maximum likelihood estima- | Polynomial optimization
tion
Model selection Geometry of singularities
Multivariate Gaussian model | Spectral geometry
Phylogenetic model Tensor networks
MAP estimates Tropical geometry

From Alg. Stat. book of S. Sullivant
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Statistical Models
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Part 1

Hierarchical Models

— record the dependency relationships of random variables
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Applications

Type of Infection
Varicella Influenza Gastroenteritis
Use Aspirin Yes 29 21 2
regularly No 704 188 125

Data on the use of Aspirin from 1070 patients with Reye's Syndrome in US from 1980 to 1997.

Question: Among patients with Reye’s syndrome, is there any relation
between the type of infection and the use of Aspirin to treat that
infection?
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Running Example

Oy = {Varicella, Influenza, Gastroenteritis} rn=23
Qs = {Use Aspirin reg., Don’t use Aspirin reg.}
(Z1,Z2) € Q1 X o

P(Zy =1,2o = j) =pi

P ={(piy) | (i,J) € Q1 x Q2,3 pi; =1}
i

My ={(pij) € P|pij=pi -p j, forall (i,j) € Q x Q}

My =P/M;
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Running Example

Visualizations of the Models

My =A{piy) [pig=pi, P g} |[M2=P/M]
@ (<] o—0
ry T2 T1 T2
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Analyzing Data

o )y = {Varicella, Influenza, Gastroenteritis}
e 9 = {Use Aspirin reg., Don’t use Aspirin reg.}
o 3 = {children, teenagers}

T3 @ T3 T3 ° T3
o ] @ o— 0 ]
1 T2 T1 T2 1 T2 1 T
/ Ts 7\ A /
r1 T2 1 T2 1 T2 1 T2 r1 9

Choose the model that best fits the data.
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Hierarchical Models

Definition
A hierarchical model M on m randon variables consists of

@ a vector r = (11,72, -+ ,7m), where each r; denotes the number of
states for the variable Z;.

@ a collection A = {Fy, F,--- , F,}, where each Fj C [m] in the
collection encodes a maximal non independent relation among the
parameters indicated in it.

M(x,A) =S (Dir.iny) | Piryoiin = | [ pi for all (i1 ...im) € ] (7]
F2A k2[m]
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How to choose the right model?

Markov
Bases
for M \ STATISTICS How well M
fits the data
J (p — value)
Data
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Part 2

Ideals of Hierarchical Models in

Algebra
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Constructing the Ideal

T3 =2
K[Xi11, Xi1o. .. Xaza] 2 K[Yi1 ... Yao, Zu1 . .. Z3a),

Xijk V> Yij - Zix

ry =3 Ty = 2

MI(3,2,2),{{1,2},{1,3}}]

I = ker(¢) is the ideal for M.

I =< X111 X122 — Xq12 X101,
Xo11 X990 — Xo19X001,
X311 X320 — X312 X301 >
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General Construction

Let M(r,A) be a hierarchical model.

K[ Xiroin |Gty i) € T] 1)) -2 KYege | F € A, jre [JIri]],

12[m] 12F

X — H YF,iF
F2A

Note: [r;] ={1,2,...,7;}

I = ker(¢) is the ideal for M.

I =<{x"—X"} >
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Fundamental Theorem of Markov Bases
[Diaconis-Sturmfels, 1998]

A subset 5 C kerzA is a Markov Basis for M if and only if the
corresponding set of binomials {x" —x*" |b=b" —b € 3} generates
the ideal 1.

Note: b™ and b are respectively positive and negative part of the
vector b.
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Part 3

Quantitative Properties of the Ideals
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Let R be a graded polynomial ring in finitely many variables over a
field K and I a homogeneous ideal in R.

R/I=[R/Io®[R/Ii® - ®[R/1a® ...
where [R/I]4 = {all homogeneous polynomials of degree d in R/I}

HR/I(t) = dzodimK[R/I]d . td

Hilbert series are rational of the form

Hp(t) = (1_?)(511)11112/1’ g(t) € Z[t], g(1) # 0.
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Continuing our example

ri=3 Ty =2 I =< X11X92— X12X91,
e ° X11X32 — X12X31,
M((3,2), {{1},{2}}) Xo1X39 — Xo9X31 >

R=K[X11,X12,...,X32].

Hpyr(t) = Y dimg[R/T)q - t* = 14 6t + 18> + 40> + . ..
d2Z+

14+ 2¢
Hp/r(t) = =R

1 T2

° ° Hpg, 1. (t) =7
M((r1,m9), {{1},{2}})

Hierarchical Models June 24, 2019 17 / 24



Running example

T1 T2 ry 1 .
. ® > (Tli 1) (mi l)tl
Hp, /1, (t) = =
M((r1,m2), {{1},{2}}) Ry /Ir (1—¢tyntr2 1
Conca—Herzog, 1994
T3
)
1 T2 There exists recursive formulas
) °
M((r1, 7 7), {13, {2, {3}) but not closed formulas

What about more complicated models?
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equvariant Hilbert series

Fix A and consider 1o = {I;}7%, where I, C R, is the ideal for the
model M(r,A). The equivariant Hilbert series for I A is the formal
power series

equivHy , ( Z Hpg,, 5 (

r1 T2

U
Note: s' = s1's5> ... 5™

Theorem (M-Nagel, 2018)
A = {{1},{2},...,{m}} induces B A = {I;}ronm With

' 8182 ...8m
equwH.A(t,Sl---Sm) =1+ (1 _81)(1—32)...(1_3m) —1
T1 T2 'm
° ° o o o )

r= (7'177‘25 B -7T771), A= {{1},{2} .. ../{’HL}}
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1 c . ]' T (1 — t)c
° equivH(t,s;) = Z [(1 —t)en sy = (I —t)°—s
rp 1

Theorem (Nagel-Rémer, 2015)

Let I ={I, C Ry}n2on, Where R, =K[X; ;|1 <i<¢ 1<jen]is
an Inc-invariant Itration of ideals. Then

equivHy (t,s) = ZHRH/IH (t)-s"
n 1

is a rational function.

Corollary

Let A be any simplicial complex and I A = {I,},2n a family of ideals
arising from M(r, A) where r has all but one component xed. Then
equivHy , (t,s) is rational.

\ . o T T2 T
Note: s" = s5:'5,%...s0m
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T1 T2
@@

equivH(t,s1,82) = Z (

ri,ro 1

1

m)sil 332 = no rational presentation

Set T = {t € [m] | r, € N}. Given A and the fixed values {r;,7 ¢ T},
one considers the family of ideals 1 Axpnr = {L; }ri2n-

Under what conditions on A and 7" is equivHy PR (t,s) rational?

Theorem (M-Nagel, 2018)

The equivariant Hilbert series for B Ay . is rational if
Q@ FinF; =0 forany F;, Fj € A.
Q@ |[FNT|<1forany F € A.
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Sketch of the proof:

© Reduce the problem to A being a graph.

© Study Hiy(g,)(t), where im(¢y) is an algebra over K generated by
ér(z1), for all i € [r1] X [ro] X -+ X [rp].

@ Determine a regular language £ and a weight function p such that

(t;s)

P ,(t,s) = equivH.Axh“hT

© Theorem [Honkala, 1989]: Let £ be a regular language and let p
be a weight function on £. Then the power series
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Thank you!
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